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Ratio of canonical and microcanonical temperatures of a vibratory antiferromagnetic Ising chain

Zhong-Zhu Liu, Jun Luo,* and Cheng-Gang Shao
Department of Physics, Huazhong University of Science and Technology, Wuhan 430074, People’s Republic of China

~Received 4 August 1999!

The ratio of canonical and microcanonical temperaturesTc /Tm of a vibratory antiferromagnetic Ising chain
with N spins is given by analytical calculation. The result isTc /Tm511O(N21), which is consistent with the
natural assumption given by Rugh.

PACS number~s!: 05.20.Gg, 02.40.Vh, 05.70.2a
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A quite simple statistical principle claims that the me
sured value of a thermodynamic observable of a system
the ensemble average or the time average of the observ
are identical at the thermodynamic limit. Some examples
the principle were given in canonical ensemble, which
scribes the thermodynamics of a closed system@1#. For an
isolated classical Hamiltonian system, the time average o
observable of a system may be replaced by the average o
microcanonical ensemble. In present understanding, the
an equivalent canonical ensemble for the system, wh
gives the same average values for all observables at the
modynamic limit@1#. A typical observable is temperatureT.
In a canonical ensemble, the temperature is a free param
which determines the internal energyU5U(Tc) of a system.
But in a microcanonical ensemble the energyE of a system
is a free parameter, and the temperature is an observab
be calculated asTm5Tm(E) @1,2#. Here the subscriptsc and
m represent the canonical and the microcanonical ensem
averages, respectively. The equivalence of the two
sembles means thatTm5Tc for E5U at the thermodynamic
limit. Rugh proposed a method calculating the recipro
temperature in a microcanonical ensemble and deduce
equation of the ratioTc /Tm for some classical interactio
model @3,4#. He gave the result that the ratioTc /Tm differs
from one by a term of orderN21 under the natural assump
tion on the fluctuations in the kinetic energy@4,5#. However,
the assumption, up to now, lacks a rigorous argument fo
system with interaction because of the difficulty in the an
lytical calculation.

One-dimension ferromagnetic and antiferromagne
chains have been widely considered in statistical physics
nonlinear physics@1,2,6,7#. In this paper, we give a descrip
tive example to calculate the ratioTc /Tm of a classical
Hamiltonian system, which is an antiferromagnetic Isi
chain with N spins and its sites vibrate harmonically. O
model is closer to a practical system. The ratioTc /Tm is
given by a rigorous analytical calculation. The result
Tc /Tm511O(N21), which is consistent with the natura
assumption@4,5#.

The Ising chain hasN sites labeled byqi , i 51, . . . ,N
and there is a spinSi on every site. Moreover, every sit
vibrates as a three-dimension harmonic oscillator. Then
total Hamiltonian of the system is
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H5Hr1Hb . ~1!

Hb$Si% is the Hamiltonian of the one-dimensional antiferr
magnetic Ising chain such that

Hb5J(
i 51

N

~SiSi 1111!/4. ~2!

Here, we takeSN115S1. The HamiltonianHr(q,p) of the
harmonic vibration of the sites is

Hr~q,p!5(
i 51

N

~pW i
2/21qW i

2/2!. ~3!

For a closed isolated antiferromagnetic Ising chain as
scribed by Eq.~2!, let the number ofSiSi 11521 beM, and
the number ofSiSi 1151 beN2M . We have the energy o
the chain such that

Eb~M ,N!5J~N2M !/2. ~4!

The corresponding configuration number is

G~M ,N!52CN
M . ~5!

Setting M /N5a and according to the definitionbm
5] lnG/]Eb , we have the reciprocal temperature of the ch
in a microcanonical ensemble as follows:

bm5 lim
N→`

ln G~M11,N!2 ln G~M ,N!

Eb~M11,N!2Eb~M ,N!
52

2

J
ln

12a

a
.

~6!

The above result means that the chain has a negative
perature ifM,N/2, but a positive temperature ifM.N/2.

The vibratory one-dimensional antiferromagnetic cha
with Hamiltonian~1! has the total configuration number co
responding to the energyE5N«,

V~E!5 (
M50

N

V~M !5 (
M50

N

AFE2
J~N2M !

2 G3N

CN
M , ~7!

whereA is a constant, andE>J(N2M )/2 since the Hamil-
tonianHr>0 in Eq.~3!. Here, we use the bulk volume rathe
than surface area to define the functionV(M ) because they
are the same for largeN. The Boltzmann constant and Planc
constant are both taken to be unity in our calculation.
2089 ©2000 The American Physical Society
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For the chain as described by Eq.~1!, the total entropy is
the sum of the vibratory part and the antiferromagnetic p
of the Ising chain in the thermodynamic limit. The reciproc
temperature can be given by the thermal equilibrium of
two parts such that

2
2

J
ln

12ā

ā
5bm5

3

«2
J

2
~12ā!

, ~8!

whereā5M̄ /N, andM̄ determines the largest termV(M̄ ) in
the sum~7!. It is noted thatā is independent of the total sit
numberN. The condition of positive temperature meansM̄

.N/2 and M̄,N for the finite temperature. Consequent
we can obtain

M̄5
Ne3J/[2«2J(12ā)]

11e3J/[2«2J(12ā)]
5

NeJbm/2

11eJbm/2
~9!

and

Ēb5
JN

11e3J/[2«2J(12ā)]
5

JN

11eJbm/2
. ~10!

Using the Stirling formula, we can write the configuratio
numberV(M ) in the form as

V~M !5ACN
MFE2

J~N2M !

2 G3N

5BeNh(M ), ~11!

whereB is independent ofM, i.e.,

B5
ANN11/2

A2p~N2M̄ !N2M̄11/2M̄ M̄11/2
E3NF12

J

2
~12ā!G3N

,

~12!

and

h~M !53lnS 11
Jbm

2

M2M̄

3N
D 1

Jbm

2N
~M̄2M !

2S 12
M21/2

N D lnF11
M̄2M

N~12ā!
G

2
M11/2

N
lnS 11

M2M̄

M̄
D . ~13!

Takinga2ā5t, the total configuration numberV(E) can
be written in the integral form by Euler’s formula,

V~E!5 (
M50

N

V~M !

5OH NBE
2ā

12āS 12
t

12ā
D 21/2S 11

t

ā
D 21/2

eNh(t)dtJ ,

~14!

where
rt
l
e

h~ t !53 lnS 11
Jbm

6
t D2

Jbm

2
t2~12ā2t !lnS 12

t

12ā
D

2~ ā1t !lnS 11
t

ā
D . ~15!

The reciprocal temperature of the system denoted i
microcanonical ensemble is given by the definiti
1/Tm(E)5] ln V(E)/]E. According to the definition, we can
directly obtain the following result

1

Tm~E!
53NK 1

Hr~q,p!
;EL

m

. ~16!

This equation is the same as that given by Rugh@3,4#. The
symbols ^C&m and ^C&c represent the microcanonical en
semble and canonical ensemble averages of an observabC,
respectively.

The temperature of the system in the canonical ensem
is

Tc~E!5
1

3N
^Hr~q,p!;E&c . ~17!

The ratio of the temperatures can be expressed as follow

Tc~E!

Tm~E!
5^Hr~q,p!;E&cK 1

Hr~q,p!
;EL

m

. ~18!

So, we have

Tc~E!/Tm~E!5^H2Hb ;E&cK 1

E2Hb
;EL

m

5~U2^Hb&c!m1S 1

E2Hb
D , ~19!

wherem1(x) represents the first-order moment ofx. Further-
more, the ratio of the temperatures can be written as

Tc~E!/Tm~E!5^H2Hb ;E&cK 1

E2Hb
;EL

m

5
U2^Hb&c

E2Ēb

m1S 12Eb̄/E

12Hb /E
D

5
U2^Hb&c

E2Ēb

m1@11g~ t !#

5
U2^Hb&c

E2Ēb

1O$m1@g~ t !#%, ~20!

where the functiong(t) is defined as

12Eb̄/E

12Hb /E
5

1

11
Jbm

6

M2M̄

N

512

Jbm

6
t

11
Jbm

6
t

511g~ t !.

~21!
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According to Euler’s formula as used in Eq.~14!, we have

O$m1@g~ t !#%

5OFNBE
2ā

12āS 12
t

12ā
D 21/2S 11

t

ā
D 21/2

g~ t !eNh(t)dt

V~E!
G .

~22!

To calculateO$m1@g(t)#% in Eq. ~22!, we can use the
Laplace formula: iff (t) andh(t) are analytical attP@0,b#,
and h(t) has the largest valueh(0) at t50, and h8(0)
5h9(0)5•••5h(p21)(0)50, h(p)(0)Þ0; f (0)5 f 8(0)
5•••5 f (q21)(0)50, f (q)(0)Þ0, then

E
0

b

f ~ t !eNh(t)dt

5eNh(0)F a1

N(q11)/p
1

a2

N(q12)/p
1

a3

N(q13)/p
1•••G , ~23!

wherea1 , a2 , a3 are determined byai5*0
`Ai(v)e2vdv,

i 51, 2, 3, . . . ,with

A1~v!5
1

p F2
p!

h(p)~0!
G ~q11!/p

f (q)~0!

q!
v (q11)/p21,

A2~v!5
1

p F2
p!

h(p)~0!
G (q12)/pF f (q11)~0!

~q11!!

2
f (q)~0!h(p11)~0!

q! ~p11!h(p)~0!
vGv (q12)/p21,

A . ~24!

In our calculation, the functionh(t) in Eq. ~15! has
h(0)5h8(0)50, h9(0)52@(Jbm)2/1211/ā(12ā)#, and
h-(0)5(Jbm)3/3621/(12ā)211/ā2 at t50, which
means p52. The function f (t)5@12 t/(12ā)#21/2(1
1 t/ā)21/2g(t) has f (0)50, f 8(0)52Jbm /6, and f 9(0)
5(Jbm)2/182Jbm(2ā21)/6ā(12ā), which meansq51.
So we have

NBE
2ā

12ā
f ~ t !eNh(t)dt5NBF E

0

12ā
f ~ t !eNh(t)dt

1E
0

ā
f ~2t !eNh(2t)dtG

5C1BN21/21O~N21!, ~25!
with

C15F 2

~Jbm!2/1211/ā~12ā!
G 3/2

35 F ~Jbm!2

36
2

Jbm~2ā21!

12ā~12ā!
GAp

2

2

Jbm

6 F ~Jbm!3

36
2

1

~12ā!2
1

1

ā2GAp

4F ~Jbm!2

12
1

1

ā~12ā!
G 6 .

Similarly, we can obtain

V~E!5NBE
2ā

12āS 12
t

12ā
D 21/2S 11

t

ā
D 21/2

eNh(t)dt

5C2BAN1O~1!, ~26!

with

C25A 2p

~Jbm!2/1211/ā~12ā!
.

At last, we get

m1@g~ t !#5

NBF E
0

12ā
f ~ t !eNh(t)dt1E

0

ā
f ~2t !eNh(2t)dtG

V~E!

5
C1

C2
N211O~N23/2!. ~27!

If setting U5E, then^Hb&c5Ēb . Equation~20! leads to
the result Tc /Tm511(C1 /C2)N211O(N23/2), which is
consistent with the natural assumption@4,5#. The above dis-
cussion shows that the temperature of a microcanonical
semble and that of a canonical ensemble are equivalent
vibratory antiferromagnetic Ising chain at the thermod
namic limit.
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